We compute the low-energy limit of the O(4)-symmetric quark-meson model as an effective field theory for Quantum Chromodynamics (QCD) within the Functional Renormalization Group (FRG) approach. In particular, we analyze the renormalization group flow of momentum-dependent pion self-interactions beyond the local potential approximation. The numerical results for these couplings obtained from the FRG are confronted with a recent tree-level study. Additionally, their effect on the wave-function renormalization factors and the curvature masses is investigated.
I. INTRODUCTION
The fundamental dynamics of the strong interaction is described by QCD. In the case of N f massless quark flavors, the classical Lagrangian of QCD possesses a global SU (N f ) L × SU (N f ) R × U (1) L × U (1) R flavor symmetry. Due to an anomaly [1] , the U (1) L × U (1) R part of the symmetry is broken to U (1) V ≡ U (1) L+R , which corresponds to quark number conservation. We exclude this U (1) V symmetry from the following discussion, since it is trivially fulfilled in models with hadronic degrees of freedom, like the quark-meson model. For this work, the relevant flavor symmetry is then given by SU (N f ) L × SU (N f ) R , the so-called chiral symmetry, which is further broken both explicitly and spontaneously.
The experimentally observed hadrons can be grouped into the irreducible representations of SU (N f ) V ≡ SU (N f ) L+R , but not into those of SU (N f ) L ×SU (N f ) R . This signals the spontaneous breakdown of chiral symmetry to its diagonal flavor subgroup SU (N f ) V . An immediate consequence of this symmetry-breaking mechanism is the occurrence of N 2 f − 1 (pseudo-)Nambu-Goldstone bosons (pNGBs). The fact that these bosons are only very light instead of being massless indicates that the physical quarks have small finite masses, which break chiral symmetry explicitly. Throughout the rest of this work, we restrict ourselves to the case of two dynamical quark flavors, N f = 2, where the resulting three pNGBs are identified with the pion isotriplet π.
An important property of QCD is that its coupling α S becomes large at low energies. This implies that perturbation theory cannot be used to study the low-energy * eser@th.physik.uni-frankfurt.de † fdivotgey@th.physik.uni-frankfurt.de ‡ mitter@bnl.gov § drischke@th.physik.uni-frankfurt.de regime of this theory. Therefore, one has to use methods that do not rely on a perturbative expansion in powers of α S . One such possibility is given by Effective Field Theories (EFTs). A crucial guiding principle in the construction of EFTs for QCD is chiral symmetry, which can either be realized in a linear [2] [3] [4] or a nonlinear way [5] [6] [7] . The latter way of realizing a symmetry results in an EFT describing the interaction of pNGB fields, i.e., of pions for N f = 2, among themselves. There, the pNGBs explicitly enter the theory as local coordinates parametrizing the vacuum manifold of the theory. The most prominent EFT is given by Chiral Perturbation Theory (ChPT) [8, 9] , whose connection to the low-energy regime of QCD has been studied in great detail in Ref. [10] . ChPT is defined by a Lagrangian that contains all chiral invariants that are obtained from a systematic expansion in powers of derivatives of the pion fields. The coupling constants that enter this expansion are usually referred to as low-energy constants (LECs). Because this expansion contains arbitrarily high powers of derivatives of the pion fields, the resulting Lagrangian is not perturbatively renormalizable. However, the aforementioned expansion can also be understood as a power series in p/(4πf π ), where p denotes the momentum of the pion fields and f π the pion decay constant. This power series is expected to converge for small enough pion momenta, and all infinities can be absorbed order by order into the LECs.
As already mentioned before, it is also possible to realize chiral symmetry in a linear way. The resulting models are referred to as Linear Sigma Models (LSMs) [11, 12] , which incorporate the pNGBs as well as their chiral partners on the same footing. Various versions of these models, also with vector and axial-vector mesons [13, 14] , were subject to comprehensive studies over the last decades. The relation between ChPT and hadronic models based on a linear realization of chiral symmetry was studied in Refs. [15] [16] [17] . Concerning the low-energy limit, it was shown that the LECs of the most simple version of the LSM, including only the pion fields and the scalar sigma field σ, do not assume the same values as for QCD [8] .
Recently, the so-called extended Linear Sigma Model (eLSM) was developed. This model contains all groundstate quark-antiquark mesons with (pseudo)scalar and (axial-)vector quantum numbers up to 2 GeV in mass. The Lagrangian of the eLSM respects all symmetries of QCD and also reflects their possible breaking patterns. The eLSM was studied for N f = 2, 3, 4 in Refs. [18] [19] [20] [21] . Baryons were included as well and studied in vacuum [22] [23] [24] and at finite density [25, 26] . From the requirement of dilatation symmetry and incorporating only positive semi-definite powers of the dilaton field, it follows that the eLSM Lagrangian contains only a finite number of terms. This results in a finite number of coupling constants and parameters, which have been determined in a global fit to experimentally measured masses and decay widths. It turns out that the eLSM is in remarkably good agreement with experimental data [20] , such as meson masses and decay rates in the scalar-isoscalar sector, the η-η ′ mixing angle, as well as branching ratios for a 0 . The question whether the low-energy limit of the eLSM is consistent with that of QCD has been addressed in a recent tree-level study [27] . It turned out that the treelevel values of the LECs of the eLSM are in good overall agreement with the ChPT values. The obvious next step is then to extend this study in order to check whether loop contributions to the LECs are negligible or not. In this paper, we perform a first step in this direction by computing the loop corrections to the LECs of the O(4) quark-meson model as a simplified version of the mesonic eLSM to which we add a Yukawa coupling of mesons to quark fields. In future work, we will extend this towards a study of loop corrections to the LECs of the full eLSM.
A framework that naturally generalizes the method presented in Ref. [27] is given by the Functional Renormalization Group (FRG) [28] , which has been employed to consider low-energy effective theories as well as QCD under various (thermodynamical) aspects, see, for instance, Refs. . By applying the FRG technique in this work, we shed light on the low-energy limit of the O(4) quark-meson model. More precisely, we compute loop corrections to the tree-level low-energy couplings of this model by means of including momentum-dependent meson vertices into the renormalization-group flow. In a first approximation (the validity of which will be checked) we will restrict ourselves to pion self-interactions. Our study can be viewed as an extension of the work [17] where, in the local potential approximation (LPA) including scale-dependent wave-function renormalization factors as well as a scale-dependent Yukawa coupling between mesons and quarks, it was shown that the FRG approach is able to produce the correct chiral logarithms in the expressions for the pion decay constant and the pion mass. This paper is organized as follows: Sec. II introduces the concepts and methods that are used throughout this work. In Sec. II A, we briefly review the O(4) LSM and summarize its tree-level low-energy limit. After recalling the basics of the FRG approach in Sec. II B, we derive the low-energy effective pion action for the O(4) quarkmeson model in Sec. II C. The corresponding FRG flow equations are presented in the Appendix. Finally, in Sec. III, we show a comparison of the FRG study and the treelevel estimate for the low-energy couplings. Our conclusions and an outlook for future investigations are given in Sec. IV.
II. METHODS

A. O(4) Linear Sigma Model
As mentioned in Sec. I, the eLSM is a hadronic model that comprises (pseudo)scalar and (axial-)vector mesons. Assignments of these fields to physical resonances can be found in Refs. [20, 27] .
In the O(4) limit, the mesonic degrees of freedom are described by the following matrix:
where t 0 = ½ 2 /2 and t = τ /2. The vector τ denotes the Pauli matrices. The generators are normalized such that tr(t a t b ) = δ ab /2, a, b = 0, . . . , 3. Left-and right-handed chiral transformations act linearly on the fields (1) according to
The most general globally chirally symmetric Lagrangian that contains operators of dimension (up to) four and reproduces the chiral symmetry breaking pattern found in Nature is given by
where, assuming exact isospin symmetry, H = h ESB t 0 and h ESB ∼ m u = m d . The explicit breaking of chiral symmetry due to non-vanishing quark masses is modeled by the term
which tilts the potential into the σ-direction. Evaluating the traces, Eq. (3) becomes
The spontaneous breaking of chiral symmetry is reflected in a non-vanishing vacuum expectation value σ 0 of the σ field. The physical excitations of this field, corresponding to the σ meson, are described by performing a shift in the Lagrangian (5),
From this, one obtains the tree-level masses of the different mesons from terms quadratic in the fields, 
As presented in Ref. [27] , the low-energy limit of the eLSM can be obtained by successively integrating out all fields heavier than the pion. It turned out that this calculation can be performed analytically, if one restricts oneself to tree level. In this way, the low-energy effective Lagrangian of the eLSM in the O(4) limit, which assumes the same mathematical structure as ChPT, can be written as
Using the tree-level masses, the parameters λ and m 0 can be eliminated from the expressions for the low-energy couplings of the O(4) LSM,
These expressions slightly differ from the ones quoted in Ref. [27] , where the equation of motion for the free pion field was used to derive the low-energy couplings. Note that, for further purpose, we have separated the first term in parentheses in Eq. (10), which arises from integrating out the σ field, from the second one, which arises from the four-pion interaction in the tree-level potential.
B. Functional Renormalization Group
The FRG is an implementation of the Wilsonian renormalization principle. Changing from one energy scale to another, the integration of quantum and statistical fluctuations is performed momentum shell by momentum shell. The renormalization procedure thereby connects the microscopic interactions at an ultraviolet (UV) cutoff scale Λ with the macroscopic physics through a sequence of effective theories.
Specifically, the FRG formulates a quantum field theory in terms of a differential equation. It focuses on the scale evolution of the effective average action Γ k , where k denotes the infrared (IR) cutoff introduced to the theory by adding a regulator function R k that acts as a momentum-dependent mass. The k-dependent Γ k interpolates between the renormalized classical action S = Γ k→Λ and the full quantum effective action Γ = Γ k→0 in the IR limit, where all fluctuations are integrated out. The effective action Γ is the generating functional of oneparticle irreducible vertex functions, thus containing all information about the quantum theory.
For the upcoming FRG analysis, we switch to Euclidean space-time with a finite volume V, leading to a discrete momentum spectrum. Lorentz indices µ = 0, 1, 2, 3 appear as lower indices. Furthermore, spacetime integrations are indicated by a short-hand notation,
Finally, we take the limit V → ∞ in all calculations. The scale dependence of the effective average action is dictated by the Wetterich equation [28] ,
where we used a graphical interpretation of the propagator and the regulator insertion
The second functional derivative of Γ k with respect to the fields, Γ
k , and the regulator R k are matrix-valued in field and momentum space as well as in all internal spaces, such as Dirac, color, and flavor space. The propagator appearing in Eq. (14) is fully field-dependent and partially dressed, i.e., it contains all fluctuations with momenta approximately larger than the RG scale k. This is achieved by the regulator insertion, which is typically peaked around (squared) momenta of order k
2 . An infinite tower of coupled differential equations arises from Eq. (14): The flow of the effective average action is coupled to its second functional derivative. The corresponding equation for Γ (2) k , in turn, involves the third and fourth derivatives and, in general, the scale evolution of Γ (n) k is influenced by derivatives up to order n+2. To obtain a closed set of differential equations, it is therefore necessary to truncate this system. For further details on the FRG approach, we refer to Refs. [50] [51] [52] [53] [54] [55] [56] [57] .
Based on the discussion of the O(4) LSM in the previous section, we choose the following ansatz for the Eu-clidean effective average action:
Here, we have introduced the vector ϕ = (σ, π) as well as the scale-dependent constants
. . , X 6,k , and Z ψ k . The factors Z k and Z ψ k describe the wave-function renormalization factors for scalars and fermions, respectively. The effective potential U k is a function of the O(4) invariant ρ. The Yukawa coupling y is assumed to be RG-scale independent [it was shown in Ref. [17] that this is a valid approximation in order to produce the chiral logarithms for the pion decay constant and the pion mass]. The RG-scale invariant parameter h ESB = 0 leads to explicit symmetry breaking due to nonzero quark masses.
By definition, the effective average action (16) is a functional of the classical fields. In a very common abuse of notation we do not introduce new symbols for the classical fields. The physical vacuum expectation value in the absence of external sources will be denoted as σ 0 . We will use this convention throughout the rest of this work.
Within the ansatz (16) we have chosen the following basis structures to span the full space of terms of order
Moreover, we include quark fluctuations into the FRG flow, which are not included in the analysis in Ref. [27] . Thus we extend the O(4) LSM from Sec. II A to the O(4) quark-meson model. However, these fermionic fluctuations do not affect the tree-level low-energy couplings in Eqs. (10) - (12) .
From the general truncation (16) we obtain the specific
Here, we have made the assignments
Note that we only extracted pure pion vertices from the higher couplings Y 1,k , Y 2,k , and X 1,k , . . . , X 6,k . This is motivated by the fact that we want to keep track of the RG-scale evolution of exactly the same expressions that were produced in the tree-level approach, cf. Eq. (9). The terms ∼ Z 2,k and ∼ C 4,k , . . . , C 8,k complete the structures from Eq. (9) to a full basis set, in accordance with Eqs. (18) and (19) . This allows us to unambiguously project the momentum-dependent four-pion vertex onto these structures. All other terms proportional to Y 1,k , Y 2,k or X 1,k , . . . , X 6,k (i.e., momentum-dependent sigma vertices and mixed sigma-pion vertices) are neglected. This corresponds to an approximation to the fully O(4)-symmetric ansatz (16) based on the expectation that the nontrivial RG running of the higher-derivative couplings will only set in roughly below the mass threshold of the σ field, i.e., that the latter will not significantly influence the flow in the IR. Furthermore, the respective wavefunction renormalization factors for the σ and the π fields within this approximation, cf. the first line in Eq. (21), will split as soon as σ 0 assumes a nonzero value. The momentum-independent four-pion interaction
is part of U k and, thus, not explicitly shown. We identify C 1,k with a RG-scale dependent version of the quartic coupling λ, cf. Eq. (21). Equation (16) corresponds to a derivative expansion. Setting the factors Z k and Z ψ k to one as well as Y 1,k , Y 2,k , and X 1,k , . . . , X 6,k to zero, we obtain its leading order, the LPA. In this case, the effective potential U k is the only k-dependent term. Going one step further, by taking the running of the wave-function renormalization factors Z k and Z ψ k into account, the truncation is called LPA'. A general field and/or momentum dependence of Z k and Z ψ k is suppressed. Hence, Eq. (20) can be understood as a combination of the LPA' with the higher couplings C 2,k , Z 2,k , and C 3,k , . . . , C 8,k .
We define the renormalized fields and couplings as
With these definitions, Eq. (20) can be written as
The fields and couplings in the effective potential also change accordingly, U k →Ũ k . In the IR limit, k → 0, the fully renormalized expressions represent "measurable" quantities. In this truncation, the partially conserved axial current (PCAC) relation is given by
where J A µ,i denotes the axial-vector current and
denotes the renormalized vacuum expectation value. It is related to the pion decay constant viã
For a careful derivation of the PCAC relations in Eqs. (24) and (26) 
C. Effective pion action
Following the strategy of Ref. [27] , we analytically integrate out the heavierσ field to estimate the modified tree-level contribution to the low-energy couplings. This means that we have to reduce the effective action in Eq. (23),
to a theory solely consisting of pions,
To this end, the quark fields are dropped in Γ k as they do not influence the tree-level low-energy couplings. Afterwards, we eliminate theσ field in the IR by exploiting the quantum equation of motion,
Using the minimum condition
the potential is assumed to take the form
with
This assumption is motivated by the tree-level approach presented in Ref. [27] , where the authors restricted themselves to a potential of the form (5). The renormalized masses are defined as
At tree level, only the last interaction term in Eq. (31) contributes to the equation of motion (29) of theσ field,
Solving this equation forσ, we find
Using this relation, we finally arrive at
The low-energy couplingsC
with i ∈ {1, . . . , 8} and Z total 2,k are given byC
The superscript "tree" indicates that these loopcorrected contributions to the low-energy couplings, apart from those explicitly written down in the truncation (20) , are generated by the elimination of theσ field. As pointed out, this is done in close analogy to the tree-level calculation of Ref. [27] . Neglecting the flow of the wave-function renormalization factors and the scale dependence of the meson masses during the integration process,
we reproduce the tree-level low-energy couplings of the O(4) LSM in Eqs. (10) - (12) . Note that, since Eq. (39) was obtained by integrating out theσ field at tree-level, we only obtain the first term in parentheses in Eq. (10), while the second term in that equation corresponds to the fifth term on the right-hand side of Eq. (31). Instead of using the equation of motion for theσ field to derive the purely pionic theory, one could have arrived at the same result by adding all diagrams that are oneparticle reducible with respect toσ-meson lines to the one-particle irreducible pion amplitudes. Obviously, this also applies to the previous result, Eqs. (10) - (12), as a special case.
III. RESULTS
The FRG flow equations for the effective potential, the wave-function renormalization factors, and the higher derivative couplings constitute a set of coupled partial differential equations. The effective potential is numerically solved using a grid in σ 2 , whereas the other couplings are evaluated at the IR minimum σ 0,kIR ≡ σ 0 .
We choose Λ = 500 MeV as UV cutoff. Recent investigations [42, 43, 49] , which are based on the dynamical hadronization technique [53, [58] [59] [60] , indicate that the actual range of validity of NJL-like models like the quarkmeson model is closer to Λ = 300 MeV. However, we also want to capture quark dynamics beyond the confinement scale Λ QCD ≃ 200 MeV, which is also the reasoning behind choosing cutoff scales as large as 1 GeV, see, e.g., Refs. [34, 38, 39, 42] .
From a technical point of view, the inclusion of quarks is advantageous in the sense that, analogously to QCD, it allows us to start the FRG flow in an approximately symmetric regime. The fermionic fluctuations in Eq. (14) will drive σ 0,k to larger nonzero values, similar to the NJLmodel mechanism of chiral symmetry breaking, which captures the low-energy dynamics of QCD [42, 43, 49] . The effective potential is then initialized as follows:
The parameters m 0,Λ and λ Λ are tuned such that the IR curvature masses and the pion decay constant are consistent with experimental data [61] . The concrete parameters m 0,Λ and λ Λ that we used to produce the numerical results of this section are summarized in Tab. I. The wave-function renormalization factors start at a value of one in the UV, while the higher couplings C 2,k , Z 2,k , and C 3,k , . . . , C 8,k are initialized as zero. They are only generated during the integration process. From the scale-dependent minimum σ 0,k of the effective potential we obtain the squared meson and quark masses,
Already at this stage of the analysis we are able to make a general statement about the investigated theory: In the symmetric phase, meaning σ 0,k = 0, the masses of the σ field and the pions are degenerate and the quark mass vanishes. In the presence of explicit symmetry breaking, h ESB = 0, this can at best be achieved approximately and σ 0,k can only serve as an approximate order parameter for possible phase transitions.
In Fig. 1 we plot the renormalized masses and the vacuum expectation value as a function of the IR scale k. As already stated in the last paragraph, σ 0,k is close to zero for high energies (k → Λ) and, consequently, so is the quark mass M ψ,k . In the same region, the masses of the σ and the pions are almost identical, as expected. With a mass of around 500 MeV they are effectively separated from the FRG flow, which is dominated by the light current quarks.
For a lower scale k, roughly between 400 and 450 MeV, the system undergoes a crossover transition to the spontaneously broken phase, where the minimum of the effective potential is shifted towards higher values. At a scale of k ≃ 460 MeV, the splitting of the meson masses sets in and becomes increasingly stronger for decreasing k.
In the low-energy regime at k = 150 MeV and below, the pion and the quark masses as well as σ 0,k settle at their IR values. For the σ mass a scale dependence persists until k < 50 MeV.
We stopped the FRG flow at k = 7 MeV, an arbitrarily chosen scale close to zero (approximately 1% of the UV cutoff) at which all k-dependent quantities become constant. At this point, the pions have a mass of 139.3 MeV, the σ field has a mass of 450.1 MeV, and the quarks acquire a constituent mass of 308.5 MeV. As required by the PCAC relations (24) and (26), σ 0,k Z π k assumes a value of 93.4 MeV in the IR.
To get an impression about the correction from unrenormalized to renormalized quantities, e.g. m σ,k → M σ,k , we show the scale dependence of Z Figure 3 shows the scale dependence of the momentumindependent four-pion couplingC 1,k . It is initialized with a value of −λ Λ /4 = −0.3750 at the UV cutoff (cf. Tab. I) and flows to its IR value of −2.3550. to changes of the renormalization scale k in the region between 450 and 500 MeV. The respective curves are especially steep for k → Λ. This is a clear indication that the chosen cutoff scale is actually too low for the determination of these couplings. Unfortunately, larger cutoffs would exceed the range of validity of the quarkmeson model as a low-energy effective theory. The fixed point-like behavior ofC 2,k andZ 2,k below k = 250 MeV, however, can be seen as an indication for a rather mild dependence of the IR values on their initial UV values. Nevertheless, a direct calculation from QCD along the lines of Refs. [42, 43, 49] would be preferable for their determination.
In contrast, the evolution ofC 3,k , . . . ,C 8,k appears to be much flatter in the high-energy region near the UV cutoff, cf. Fig. 5.C 3,k , . . . ,C 8,k substantially grow or shrink only below 250 MeV. Thus, adding to the discussion above, in this case assuming a starting value of zero at the UV scale seems reasonable. Figure 5 verifies our expectation that the nontrivial running of the low-energy couplings of order O(∂ 4 ) with respect to the RG scale k only sets in approximately below the mass threshold of the σ field (≃ 400 MeV).
In the IR limit, all momentum-dependent pion selfinteractions differ from the unrenormalized couplings by a factor of 1/(Z a The values in the last three columns correspond to the renormalized couplings in the IR limit.
with i ∈ {1, . . . , 8} andZ (4) . In contrast to Ref. [27] , the latter two are also generated within the chosen basis set (18) and (19) . Z 2 , C 4 , C 6 , and C 8 vanish at tree-level. All tree-level results are produced by taking the masses and the vacuum expectation value in the IR as input, i.e., m σ = 450.1 MeV, m π = 139.3 MeV, and σ 0 = 93.4 MeV.
The tree-level estimate for C 1 ≃ −0.2514 is a good approximation. The loop-corrected couplingC total 1,k is only by 1.1 percent larger. The large difference between the entries in the "Tree level" and "tree" columns for C 1 arises from the fact that the "Tree level" value contains both the contribution from integrating out the σ field as well as that from the four-pion interaction in the potential. On the other hand, in the case of the FRG calculation the "tree" value only contains the contribution from integrating out theσ field, while the "trunc" value arises from the potentialŨ k .
For the couplings of order O(∂ 2 ) and O(∂ 4 ), we notice that the tree-level contributions slightly decrease on account of the correction from the wave-function renormalization factors (second column compared to the third one). For C 2 we find a negative value in the column "trunc", but all other values in the same row are positive. The total FRG results differ from the tree-level estimates by a factor of 0.78, 2.85, 2.57, and 1.38 for C 2 , C 3 , C 5 , and C 7 , respectively. Hence, the corrections due to loop contributions are smallest for the momentumindependent C 1 coupling. for C 2 , and ∼ 10 −10 MeV −4 for C 3 , C 7 ), but this does not hold for C 5 in subfigure (f).
As the last point in this study, the amount of feedback of the scale evolution of C 2,k , Z 2,k , and C 3,k , . . . , C 8,k onto the masses and the wave-function renormalization is assessed by comparing the presented results to the LPA' flow. The latter is initialized with the same UV parameters as in Tab. I. Here, the higher-derivative couplings remain zero for all k. Within the LPA' truncation, the qualitative behavior of the observables in Fig.  1 is reproduced, cf. Fig. 7 
IV. SUMMARY AND OUTLOOK
In this work, we have computed the low-energy limit of the O(4)-symmetric quark-meson model as a limit of the eLSM. In particular, we calculated quantum corrections to the momentum-dependent four-pion interactions. As discussed in Secs. II B and III neglecting σ-dependent derivative interactions within the fully O(4)-symmetric model corresponds to an approximation validated by the results shown in Fig. 5 .
We applied the FRG approach and compared the obtained results to a tree-level estimate. In the latter approximation, contributions to these pion self-interactions partly arise from a mapping of the low-energy effective action of the eLSM onto the one of ChPT, see Ref. [27] . We extended these contributions to a full set of basis structures for the orders O(∂ 2 ) and O(∂ 4 ). The quantum corrections are due to the exchange of the quark as well as the meson degrees of freedom of the quark-meson model as the low-energy effective theory of QCD. They have been calculated in the nonperturbative FRG approach, where the higher-derivative couplings have been treated as additional terms in a truncation beyond the well-known LPA' approximation of the quark-meson model.
We found that the overall order of magnitude of C 1 , C 2 , C 3 , and C 7 is already set by their tree-level estimates, cf. Fig. 6 . The loop-corrected values of C 1 , C 2 , and C 7 only differ by factors of 0.99, 0.78, and 1.38 from the tree-level estimates. However, the remaining couplings Z 2 , C 4 , C 5 , C 6 , and C 8 seem to be dominated by the loop corrections that we obtained from the FRG.
We also found a qualitative difference in the origin of the quantum contributions to C 2 and Z 2 on the one hand and C 3 , . . . , C 8 on the other hand. Whereas the former already receive large contributions at the initial cutoff, which are dominated by quark fluctuations, the quantum corrections to the latter are created at low RG scales, i.e., the regime that is governed by pion fluctuations. These findings encourage a study within full QCD along the lines of Refs. [42, 43, 49 ] to determine the low-energy couplings, in particular C 2 and Z 2 , from first-principles QCD.
On a more technical level it was demonstrated that, although the wave-function renormalization of the pion field significantly shrinks when we extend the LPA' by the higher couplings C 2,k , Z 2,k , and C 3,k , . . . , C 8,k , the k-dependent meson and quark masses are rather robust against such an extension of the truncation.
It needs to be clarified how the behavior of C 2 and Z 2 , as well as C 3 , . . . , C 8 would change if we consider the fully O(4)-symmetric scenario, i.e., including momentum-dependent σ self-interactions and σπ couplings. Such a study is, however, beyond the scope of the present work. Moreover, in principle one has to check whether these results are reproducible under variations or extensions of the regulators (B6) -(B8), as studied in Ref. [62] , and the truncation (20) . Especially, the last point would be interesting in the context of the running of the low-energy couplings. In addition, it would be important to allow for a scale-dependence of the Yukawa coupling, because it is closely related to the quark mass and the pion decay constant. All of these points will be addressed in a future investigation that incorporates also effects from full QCD [49] , where the dynamical hadronization technique has been applied to describe quark-antiquark bound states as mesonic degrees of freedom.
Finally, as repeatedly mentioned, the O(4) quarkmeson model is only the specific limit of the eLSM where (axial-)vector mesons are neglected. Nevertheless, the ultimate goal of subsequent studies remains a comparison of the LECs of the full eLSM to those of ChPT. It might be therefore necessary to extend the ansatz (16) to the full effective action of the eLSM and, furthermore, to translate the presented projection of the momentumdependence of the four-pion vertex to the basis that naturally arises within the chiral expansion of ChPT.
Another important check would be to analyze the pionmass dependence of the low-energy couplings produced within the FRG, thus extending the work of Ref. [17] to higher-derivative couplings. This would constitute a nontrivial confirmation that the correct IR behavior is respected by the truncation introduced in this work, which corresponds to a partial resummation of loop diagrams. In this Appendix we present further details on the PCAC relation used in Eq. (24) . First, we consider the behavior of the quark fields under infinitesimal SU (2) A transformations, ψ → U ψ = ψ − iα A,a γ 5 t a ψ = ψ + δψ, (A1) ψ →ψU =ψ − iψα A,a γ 5 t a =ψ + δψ,
with U ∈ SU (2) A , U = exp (−iα A,a γ 5 t a ) , a = 1, 2, 3.
From the Yukawa interaction in Eq. (20), we deduce the transformation behavior of Φ 5 , Φ 5 → Φ 5 + iα A,a γ 5 t a (σ + σ 0 ) − α A,a π a t 0 .
As a consequence, we find δσ = −α A,a π a , δπ a = α A,a (σ + σ 0 ) .
In terms of renormalized fields, these transformations read δψ = −iα A,a γ 5 t aψ ,
The axial-vector current in Minkowski space is then given by (g µν denotes the metric tensor) C 2,k q 1,µ q 3,µ + Z 2,k q 2,µ q 3,µ − C 3,k (q 1 + q 2 + q 3 ) µ q 1,µ q 2,ν q 3,ν − C 4,k (q 1 + q 2 + q 3 ) µ q 2,µ q 1,ν q 3,ν − C 5,k (q 1 + q 2 + q 3 ) µ q 1,µ q yψ(q 1 )Φ 5 (q 1 − q 2 )ψ(q 2 ).
Isospin indices i and j appearing twice are summed over. They replace the inner products in lines three to seven of Eq. (20) . The regulators R k as a function of the internal momentum q, typically R k (q 2 ) for bosonic and R k (q) for fermionic fields, have to fulfill the requirements
In this way, the high-energy modes (q 2 ≫ k 2 ) are successively integrated out by lowering the scale k. For the soft modes (q 2 ≪ k 2 ), in contrast, the regulators generate an additional mass contribution. This leads to an exclusion of these modes from the integration process.
For our analysis we take exponential-type regulators [28, [62] [63] [64] [65] , namely,
where the bosonic and fermionic shape functions r B and r F are
r F (x) = 1 + r B (x) − 1.
